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One Skill Several, Independent Skills Problem Solving
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Pure Applied
Research
(Edison)
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Research
(Bohr)
Use-inspired
Basic Research
(Pasteur)
Use
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Artefact-centered
Reasoning and
Argumentation
Theory-aimed
Reasoning and
Argumentation
Science-based
Reasoning and
Argumentation
in Practice
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Problem Identification
(PI)
Perceiving a mismatch 
between an available 
explanation and a 
problem;
Creating a problem 
representation
Construction and 
Redesign of Artifacts
(CR)
A prototypical object, 
axiomatic system, or 
another object that can 
be used to work on the 
problem is created
Questioning
(QU)
Creating one or more 
initial questions
Hypothesis Generation
(HG)
Possible answers to the 
questions are derived 
from models, theoretic 
frameworks or the 
current situation
Evidence Generation
(EG)
Evidence is generated 
which may or may not 
help to support the 
hypothesis
Communicating and 
Scrutinizing
(CO)
Sharing and discussing 
individual reasoning and 
argumentation results 
within a community
Evidence Evaluation
(EE)
Evaluating the created 
evidence according to 
certain norms and goals
Drawing Conclusions
(DC)
Integrating diﬀerent 
pieces of evidence; 
Reevaluating the initial 
claim considering the 
new evidence
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Situation-specific Skills
Disposition
Cognition
Aﬀect-
motivation
Perception
Interpretation
Observable 
Behavior
Decision 
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Resources
(i.e., Mathematical 
Knowledge)
Belief SystemsHeuristics Control
Domain-specific 
Knowledge Base Heuristic Methods Metaknowledge
Self-regulatory Skills Beliefs
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Resources MonitoringHeuristics Aﬀect
Declarative 
Mathematical 
Knowledge
Procedural
Mathematical 
Knowledge
Problem-solving
Skills
Content Knowledge Mathematical Reasoning Skills
Methodological 
Knowledge
General
Problem-solving
Skills
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Solving the Problem Creating a Deductive Chain
Writing and 
Communicating the 
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Cognitive Resources
Conceptual 
Mathematical 
Knowledge
Procedural 
Mathematical 
Knowledge
Mathematical 
Strategic 
Knowledge
Problem-solving 
Skills
Metacognitive 
Awareness
Conditional 
Reasoning Skills
Proof Validation
Proof 
Construction
RQ 2
RQ 2
RQ 3
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Mathematical 
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Mathematical 
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Proposition
The product of three arbitrary consecutive integers is divisible by 3.
Martin’s proof
Let a ∈ Z be an arbitrary integer. Accordingly the two consecutive integers can be written as a+ 1 and a+ 2.
We are interested in the product
a · (a+ 1) · (a+ 2)
Expanding the term yields:
a · (a+ 1) · (a+ 2) = a · (a2 + 3a+ 2) = a3 + 3a2 + 2a
Since the proposition should hold for an arbitrary integer a, the statement has to hold independently of a. We therefore only look
at the coeﬃcients of the term a3 + 3a2 + 2a. For the sum of these coeﬃcients we get:
1 + 3 + 2 = 6
Accordingly since 3|6 holds, it also holds that 3|a3 + 3a2 + 2a resp. 3|a · (a + 1) · (a + 2). Thus the product of three arbitrary
consecutive integers is divisible by 3 and we have proven the proposition.
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